This paper is concerned with adaptive control for anti-synchronization of a class of uncertain fractional-order chaotic complex systems described by a unified mathematical expression. By utilizing the recently established result for the Caputo fractional derivative of a quadratic function and employing the adaptive control technique, we design controllers and some fractional-order parameter update laws to anti-synchronize two fractional-order chaotic complex systems with unknown parameters. The proposed method has generality, simplicity, and feasibility. Moreover, anti-synchronization between uncertain fractional-order complex Lorenz system and fractional-order complex Lü system is implemented as an example to demonstrate the effectiveness and feasibility of the proposed scheme.
Introduction
Based on the wide applications in the fields of secure communication, encryption, signal and control processing, fractional-order chaotic systems have attracted tremendous attention of scientists and engineers during the past few decades [15, 27, 33] . With the help of fractional-order calculus, it is demonstrated that there are many fractional-order chaotic systems including the fractional-order Chen system [17] , the fractional-order financial system with time delay [34] , the fractional-order hyperchaotic Rössler system [16] , and so on. Meanwhile, synchronization has been a central issue in the study of fractionalorder chaotic systems and then has been extensively investigated. In previous works there are several equations have been extensively studied due to their numerous applications in natural sciences and engineering [29] . Meanwhile, several definitions of fractional derivatives, such as the Grunwald-Letnikov definition, the Riemann-Liouville definition, and the Caputo definition, have been proposed. Amongst these definitions, the Caputo definition is used the most in engineering applications, since under this definition initial conditions have well-understood physical meaning. Hence, the Caputo derivative is chosen in this paper.
Definition 2.1 ([5]
). The Caputo fractional derivative of order α ∈ R + on the half axis R + is defined as follows:
f (n) (τ) (t − τ) α−n+1 dτ, t > t 0 , where n = min{k ∈ N/k > α}, Γ stands for Gamma function, and t 0 D α t is generally called α-order Caputo differential operator.
With the rule of fractional-order calculus, the Caputo differential operator is a linear operator, which is described as follows:
, where λ and µ are real constants.
Recently, there have been many papers concerning on the stability of fractional-order systems [2, 3, 7, 22, 23, 36, 39] . Next, we give the subsequent lemmas which are helpful in proving our results.
Lemma 2.2 ([2]).
Suppose that x(t) ∈ R is a continuous and derivable function. Then, for any time instant t t 0 ,
Lemma 2.3 ([2]).
Suppose that x(t) ∈ R n is a continuous and derivable vector function. Then, for ∀α ∈ (0, 1) and
Lemma 2.4 ([24]
). Let W(t) = x T (t)x(t)/2 + y T (t)y(t)/2, where x(t), y(t) ∈ R n have continuous derivatives.
If there exists a constant h 0 > 0 such that
then ||x(t)|| and ||y(t)|| are bounded for all t > 0 and x(t) converges to zero asymptotically, where || · || is the Euclidean norm.
In this paper, we mainly consider the case of 0 < α < 1. For simplicity, we substitute D α * for t 0 D α t and use the Adams-Bashforth-Moulton predictor-correctors scheme [8] to calculate the fractional differential equations.
Mathematical model and problem descriptions
Next, let us consider an n-dimensional fractional-order chaotic complex system with the controller as follows:
where y = (y 1 , y 2 , . . . , y n ) T ∈ C n is a complex state vector, G(y) ∈ C n×n is a complex matrix, B = (b 1 , b 2 , . . . , b n ) T represents the real (or complex) vector of unknown parameters, and g : C n → C n describes the nonlinear term. U = U r + jU i is a complex controller to be designed, where U r = (u 1 , u 3 , . . . , u 2n−1 ) T and U i = (u 2 , u 4 , . . . , u 2n ) T . Superscripts r and i stand for the real and imaginary parts of the complex state vector. System (2.1) is regarded as the response system and the drive system is described by D
where x = (x 1 , x 2 , . . . , x n ) T ∈ C n represents the complex state vector and h : C n → C n describes the nonlinear term.
Remark 2.5. Most of the classical fractional-order chaotic complex systems can be written as the form of system (2.1), such as the fractional-order complex Lorenz system, the fractional-order complex Chen system, the fractional-order complex T system, the factional-order complex Lü system, and so forth.
In this article, we discuss the adaptive anti-synchronization between two different fractional-order chaotic complex systems described by a unified mathematical expression. Anti-synchronization error system is defined as e(t) = y(t) + x(t), namely, e r (t) = y r (t) + x r (t) and e i (t) = y i (t) + x i (t). The main idea of this paper is to design the adaptive controller and the parameter update laws such that anti-synchronization error vector e(t) converges to zero as t → ∞, i.e., lim t→∞ ||e(t)|| = 0.
Adaptive anti-synchronization schemes

The drive system without unknown parameters
In this subsection, we consider two cases with different situations of B in the response system (2.1), i.e., B is a real vector or a complex vector. Let us start with the first case in which B is a real vector. 
and the adaptive laws are chosen as
then anti-synchronization between systems (2.1) and (2.2) can be achieved, whereB denotes the estimated value of the unknown parameter vector B, K = diag(k 1 , k 2 , . . . , k n ) represents the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
Proof. It follows from the fractional-order chaotic complex systems (2.1) and (2.2) that
Thus, inserting (3.1) into (3.3) and separating real and imaginary parts, we obtain the error system as follows:
. . ,b n ) denotes the parameter estimation errors, e r (t) = (e r 1 (t), e r 2 (t), . . . , e r n (t)) T , and e i (t) = (e i 1 (t), e i 2 (t), . . . , e i n (t)) T . Furthermore, one has
where G r l (y) and G i l (y) are the l-th row of G r (y) and G i (y), respectively. Now, we consider a positive definite Lyapunov candidate function in the form
where L is a positive constant. According to Lemmas 2.2 and 2.3, it is not difficult to obtain that
In the case of (3.2) and (3.4), the relation (3.5) becomes
On the other hand,
. .
Thus, combining (3.2) and the latter equality implies that
From Lemma 2.4, we deduce that Hence, we have lim t→∞ ||e(t)|| = 0. Therefore, the designed controller (3.1) and the fractional adaption laws (3.2) enable the drive system (2.2) and the response system (2.1) to achieve anti-synchronization. The proof is complete. Now, we turn our attention to the case when B is a complex vector. Then B can be rewritten as B = B r + jB i and the fractional-order system (2.1) can be represented as
where Q(y) = jG(y) describes a new n × n complex matrix. By the same procedure, we obtain the following result.
Theorem 3.2. If the control law is designed as
then anti-synchronization between systems (2.2) and (3.6) can be achieved, whereB r andB i denote the estimated values of the unknown parameter vectors B r and B i , respectively, K = diag(k 1 , k 2 , . . . , k n ) represents the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
Proof. The proof is analogous to that of Theorem 3.1, and hence is omitted.
The drive system with unknown parameters
In this subsection, we consider the case where the drive system has unknown parameters. If some unknown parameters exist in the drive system (2.2), then system (2.2) can be written as
where x = (x 1 , x 2 , . . . , x n ) T ∈ C n denotes the complex state vector, F(x) ∈ C n×n is a complex matrix, A = (a 1 , a 2 , . . . , a n ) T represents the real (or complex) vector of unknown parameters, and f : C n → C n is a nonlinear complex vector function.
In what follows, we consider the case when A and B are real vectors.
Theorem 3.3.
If the control law is selected as follows: 8) and the adaptive laws are chosen as
then the response system (2.1) can anti-synchronize the drive system (3.7), whereÂ andB denote the estimated values of the unknown parameter vectors A and B, respectively, K = diag(k 1 , k 2 , . . . , k n ) is the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
Proof. From the fractional-order chaotic complex systems (2.1), (3.7), and the controller (3.8), the error dynamical system can be obtained as follows: and estimated values of unknown parameters. Thus, separating real and imaginary parts of (3.10) gives the error system as follows:
, where e r (t) = (e r 1 (t), e r 2 (t), . . . , e r n (t)) T and e i (t) = (e i 1 (t), e i 2 (t), . . . , e i n (t)) T . Moreover, we have
where F r l (x), F i l (x), G r l (y), and G i l (y) are the l-th row of F r (x), F i (x), G r (y), and G i (y), respectively. Define a positive definite Lyapunov candidate function as follows:
where L is a positive constant. Then,
From the adaptive laws (3.9) and
The rest of the proof is similar to that of Theorem 3.1 and so is omitted. This completes the proof.
Thus, as a consequence of Theorem 3.3, we can obtain the following corollary.
Corollary 3.4.
If the structures of general fractional-order chaotic complex systems (2.1) and (3.7) are identical, i.e., F(·) = G(·), f(·) = g(·), and A = B, the controller is designed as
then anti-synchronization of two identical general fractional-order chaotic complex systems is also achieved, wherê A is the estimated value of the unknown parameter vector A, K = diag(k 1 , k 2 , . . . , k n ) is the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
In the following, we consider three cases with different situations of unknown parameters. If A is a real vector and B is a complex vector, then adaptive anti-synchronization scheme between systems (3.6) and (3.7) is obtained as follows.
Theorem 3.5. If the control law is selected as
then the response system (3.6) can anti-synchronize the drive system (3.7), whereÂ,B r , andB i are the estimated values of the unknown parameter vectors A, B r , and B i , respectively, K = diag(k 1 , k 2 , . . . , k n ) denotes the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
Proof. The proof is similar to that of Theorem 3.3 and thus is omitted.
If A is a complex vector and B is a real vector, then the response system is described as (2.1) and the drive system (3.7) can be rewritten as
where P(x) = jF(x) is a new n × n complex matrix.
Theorem 3.6.
If the control law is selected as follows:
then the response system (2.1) can anti-synchronize the drive system (3.11), whereÂ r ,Â i , andB are the estimated values of the unknown parameter vectors A r , A i , and B, respectively, K = diag(k 1 , k 2 , . . . , k n ) denotes the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
Proof. The proof is similar to that of Theorem 3.5, and so is omitted.
When A and B are complex vectors, the response system is equivalent to (3.6) and the drive system is (3.11). Then we have the following anti-synchronization scheme between systems (3.6) and (3.11).
Theorem 3.7.
then the response system (3.6) can anti-synchronize the drive system (3.11), whereÂ r ,Â i ,B r , andB i are the estimated values of the unknown parameter vectors A r , A i , B r , and B i , respectively, K = diag(k 1 , k 2 , . . . , k n ) denotes the real control strength matrix, δ = diag(δ 1 , δ 2 , . . . , δ n ) is a convergence factor matrix with δ l > 0 (l = 1, 2, . . . , n).
Proof. The proof is similar to that of Theorem 3.3, and therefore is omitted.
Numerical simulations
In order to illustrate anti-synchronization between two different fractional-order chaotic complex systems with unknown parameters from the point of theoretical view, it is assumed that the fractional-order complex Lorenz system drives the fractional-order complex Lü system. Thus, the drive system is introduced in the form as
where x 1 = m 1 + jm 2 , x 2 = m 3 + jm 4 are complex state variables, x 3 = m 5 is a real state variable, and The response system is described as
where y 1 = s 1 + js 2 , y 2 = s 3 + js 4 are complex state variables, y 3 = s 5 is a real state variable, U 1 = u 1 + ju 2 , U 2 = u 3 + ju 4 , U 3 = u 5 are control functions to be determined in the later discussion, and
According to Theorem 3.3, the controller is designed as
and the adaptive laws of parameters are chosen as 1, 1, 1) . The results on adaptive anti-synchronization between (4.1) and (4.2) are shown in Figures 3-6 . The errors of anti-synchronization converge asymptotically to zero, as demonstrated in Figure 3 . Figures 4 and 5  display the estimatesâ 1 ,â 2 ,â 3 andb 1 ,b 2 ,b 3 of the unknown parameters. From Figure 6 , it is clear that the control coefficients k l (l = 1, 2, 3) converge to some constants as t → ∞, respectively. As expected, the above results demonstrate the anti-synchronization has been achieved between two fractional-order chaotic complex systems (4.1) and (4.2) with unknown parameters. Remark 4.1. The fractional order α has a direct effect not only on the chaotic behavior of fractional-order nonlinear dynamical systems but also on the synchronization behavior of fractional-order systems. In [4, 30] , the authors observed that the synchronization error decreases as the order α increases. However, the opposite phenomenon is also found in [38] . In this paper, we provide a more visible method to examine α's impact on the fractional-order chaotic complex systems with unknown parameters. To this end, we consider three cases including α 1 = 0.998, α 2 = 0.9, and α 3 = 0.8. All of the other settings remain unchanged as stated in the above numerical example. From Figure 7 , we can conclude that the small value of the fractional order α would be harmful for identification of the unknown parameters although it has the beneficial effect on the synchronization state.
Conclusions
The objective of this paper is to investigate adaptive anti-synchronization of general fractional-order chaotic complex systems with all situations of unknown parameters. On the basis of the related results on the Caputo fractional derivative of quadratic functions and the adaptive control technique, the anti-synchronization controllers and the fractional-order adaptive laws of uncertain parameters are presented. It should be noted that quadratic Lyapunov functions play an important role in the analysis of the fractional-order error dynamical systems, which is different from those proposed in the existing works. Furthermore, the theoretical results are successfully applied to realize anti-synchronization between the fractional-order complex Lorenz and the fractional-order complex Lü systems with unknown parameters. The corresponding numerical simulations agree with the theoretical analysis. Therefore, it is believed that the proposed scheme will have bright prospect in practical applications.
